We introduce a quantum non-demolition Majorana qubit readout protocol based on parametric modulation of a longitudinal interaction between a pair of Majorana bound states and a resonator. The interaction can be modulated through radio frequency gate-voltage control of a quantum dot or through flux modulation, and constitutes a realization of longitudinal qubit readout. The qubitresonator coupling is quantum non-demolition to exponential accuracy, a property inherited from the topological nature of the Majorana zero modes. The same mechanism as used for readout can also be used to enact long range entangling gates. arXiv:1809.07776v1 [quant-ph] 
Introduction.-When quantum information is stored in Majorana zero modes in topological superconductors, two Majorana wavefunctions with appreciable overlap leads to a splitting of the ground space degeneracy. Quantum information can then in principle be read out by measuring the resulting localized charge. Promising progress has been made towards realizing Majorana zero modes in epitaxial semiconductor-superconductor nanowire hybrids [1] [2] [3] and in 2D hybrids with litographically defined 1D channels [4] [5] [6] . However, many questions remain about how to best control and measure these systems. To fully harness the long lifetimes expected for quantum information stored in topological systems, it is crucial that the logical operations are fast and do not introduce new errors that break the inherent protection from noise. In particular, in a measurement-only approach where braiding is enacted through a series of measurements [7] [8] [9] , measurement speed and readout fidelity are key metrics that determine the overall fidelity of the braids.
We propose an approach to readout of Majorana zero modes based on parametric modulation of a longitudinal interaction between a pair of Majorana modes and a single mode of a readout resonator. Majorana bound states are assumed to be realized in a network of quantum wires, and Majorana modes localized at the ends of two distinct quantum wires are made to overlap by tunnel coupling each wire to a common quantum dot, acting as a mediator. Coupling to the electromagnetic field is introduced by capacitively coupling the dot to the electric field of a resonator, leading to an interaction of the generic form H int = −eV rndot , whereV r is the voltage bias of the dot due to the resonator andn dot the total electron number on the dot. When the tunnel coupling is turned on between the dot and the two quantum wires, the interaction transforms toĤ int = −eηV r iγ iγj + . . . , whereγ i =γ † i are Majorana operators satisfying {γ i ,γ j } = 2δ ij , and η is proportional to the Majorana wavefunction overlap on the dot. The ellipses refer to other fermionic degrees of freedom which should ideally remain in the ground state during the measurement.
In itself,Ĥ int is not directly useful for readout because there is no energy exchange between the resonator and the Majorana subsystem, and the interaction leads to a negligible response of the resonator. To enact a measurement we therefore propose to modulate the Majorana wavefunction overlap, η → η(t). In semiconducting systems this can be done through gate voltages controlling the dot energy and/or tunnel couplings. Alternatively, as we show below, in a Majorana box qubit setup [8] the coupling can also be controlled through an external magnetic flux through the qubit loop. If η(t) is modulated at the resonator frequency,Ĥ int takes the form of an on-resonance ac voltage drive of the resonator, with a Majorana state dependent phase. As a consequence, the resonator field is displaced in one of two diametrically opposite directions in phase space, depending on the eigenvalue ±1 of iγ iγj , leading to a large response for the resonator The readout scheme is a realization of a recently proposed readout technique based on longitudinal (as opposed to transverse) qubit-resonator interaction [10] . While this approach was originally introduced in the context of conventional transmon qubits, we emphasize that it is challenging to realize the desired longitudinal interaction in a transmon architecture. In contrast, longitudinal coupling is the natural form for the light-matter interaction with Majorana qubits (see also [11] ). Crucially, we expect spurious transverse coupling terms to be exponentially suppressed in the length of the quantum wires hosting the Majorana zero modes, leading to a readout which is quantum-non-demolition (QND) to exponential accuracy. The QND form of the interaction holds also with respect to coupling to environmental noise, and this is consequently a much stronger form of QND than what is possible for conventional qubits, where interaction with the environment invariably leads to state transitions in the measurement basis. We refer to this manifestation of the topological nature of Majorana bound modes in a measurement as topological QND (TQND) measurement.
We show below that with a modest modulation of the longitudinal coupling of a few MHz, extremely high fidelity can be reached on a time scale of hundreds of ns. These results do not include imperfections such as finite wire lengths, quasi-particle poisoning rates, and other sources of decoherence. The readout fidelities we show below should therefore be understood as an indication of what is possible if topologically protected qubits with natural life-times much longer than the readout time can be realized.
Finally, we show how the same mechanism proposed for the readout protocol can be used to enact long-range entangling gates between Majorana qubits. In this situation, two Majorana qubits are independently coupled to the same resonator mode. The proposed two-qubit gate is non-topological, but is nevertheless compelling as an ingredient in a topological quantum computing platform. It can be used to generate entangled qubit pairs used in two-qubit gate teleportation [12] , and the possibility of generating long-range entanglement can facilitate a more modular approach to topological quantum computing [13] .
Dot mediated Majorana-resonator interaction.-We consider physical realizations of Majorana qubits where pairs of Majorana bound states are localized at the ends of a quasi one-dimensional electronic system, or quantum wire, and light-matter interaction arises due to capacitive coupling to the electric field of a resonator. To be specific, consider the schematic setup illustrated in Fig. 1 . Two topolological superconducting wires are tunnel coupled to a common semiconducting region, which we also refer to as a quantum dot in the following, effectively forming a topological superconductor-semiconductor-superconductor (TS-Sm-TS) junction. The semiconducting segment serves mainly as an effective tunable tunnel barrier between the two wires. One realization of this setup is a single nanowire with proximity induced superconductivity everywhere except in a middle segment which is not in contact with the superconductor. Another realization is two physically distinct nanowires tunnel coupled to a quantum dot, as in the proposals in Refs. [8, 9] . Finally, both the wires and the semiconducting region can be capacitively coupled to the the electric field of a resonator (in the figure, only capacitive coupling to the dot is explicitly indicated). We also assume that each wire is in contact with a common conventional superconductor (denotes S in the figure), such that we can treat the two wires and the conventional superconductor as a single superconducting island. This setup has been referred to as a Majorana box qubit [8] .
As shown in [14] , we can write a low-energy Hamiltonian for the wire-dot-wire system, where each topological quantum wire is assumed to host two Majorana bound states, forming a single near-zero energy fermion per wirê
where the index α labels the two wires. The bare Majorana fermion splittings of each wire E α ∝ e −Lα/ξα is assumed to be exponentially small, where L α is the wire length and ξ α a characteristic coherence length [14, 15] .
FIG. 1. Schematic Majorana box qubit setup. Two topological superconducting wires (TS) host four Majorna bound states, located at the respective wire ends (crosses). A semiconducting region (Sm), or quantum dot, acts as a tunable tunnel barrier between the two wires. A conventional superconductor (S) shunts the two wires such that they behave as a single superconducting island with a uniform superconducting phase. The semiconducting region furthermore couples capacitively to the voltage of a resonator (Vr). The overlap of the Majorana wavefunctions on the dot can be controlled through gate-voltages (Vg), or through an external flux threading the superconducting loop (Φx). A geometry with two parallel wires as in [8] can also be used.
We are here interested in the ideal situation where the wires are sufficiently long and we take E α → 0 from here on. The termĤ C = E C (N − n g ) 2 describes the total charging energy of the superconducting island, withN the electron occupancy of the island. The two last terms in Eq. (1) areĤ dot = j ε jd † jd j , whered † j creates an excitation on the dot with energy ε j , and [14, 16] 
R1dj + H.c., (2) describes tunneling between the dot and the two wires.
Here t αj ≥ 0 are tunneling amplitudes proportional to the overlap of the corresponding Majorana mode functions and the dot orbitals [14] . The superconducting phase appearing in the tunneling Hamiltonian and the island electron number are canonical conjugate variables satisfying [N , e iφ/2 ] = e iφ/2 . Because the wire-dot-wire system forms a loop with the bulk superconductor, we also need to account for any external flux ϕ x = 2πΦ x /Φ 0 threading the loop, where Φ 0 = h/2e is the flux quantum.
Coupling to the electromagnetic field is introduced through a total HamiltonianĤ =Ĥ wdw +Ĥ r +Ĥ int whereĤ r = ω râ †â and
Hereâ † creates a resonator photon with energy ω r , and {λ C , λ j } are coupling constants describing capacitive coupling of the resonator to the island charge and the dot, respectively.
In the proposed readout protocol, the tunnel coupling to the dot is gradually turned on such that the initial (near) zero energy logical qubit eigenstates adiabatically evolve into hybridized states partially localized on the dot. The logical states then become split in energy and couple to the resonator field. The key physics behind the effective Majorana-resonator coupling can be exposed by diagonalizingĤ wdw and treating only a single dot-orbital j = 0. SinceĤ T only couples states |N = n, n d = 0 and |N = n − 1, n d = 1 within the charge-dot subsystem, where N is an island charge eigenvalue and n d the dot occupancy, we can diagonalizeĤ wdw block by block. We here restrict our focus to |n g | 1 and large charging and dot energies, such that we can assume the initial state of the charge-dot subsystem to be |N = 0, n d = 0 , while the general case is given in [14] . Furthermore, treating the interactionĤ int as a perturbation, we have a Hamiltonian for the low-energy subspace [14] H
where we have definedσ z = iγ L2γR1 , and to first order in the resonator couplings we have ω q = Longitudinal coupling here refers to a qubit-resonator Hamiltonian interaction of the formĤ z = g zσz (â † −â) that is proportional to the qubit HamiltonianĤ q ∝σ z , while transversal coupling in contrast refers to an interac-tionĤ x = g xσx (â † −â) orthogonal to the qubit Hamiltonian. At first glance, the longitudinal nature of the qubitresonator interaction might seem like a disadvantage, because there is no energy exchange between the two systems (note that the coupling terms are fast rotating in the interaction frame, and would thus average out on a short time-scale). In a proposal introduced in Ref. [17] this issue was overcome by working with relatively short wires, introducing terms of the form E α iγ α1γα2 to the Hamiltonian. However, this leads to a readout that is not truly QND, and breaks the topological protection of the qubit. We instead propose to work in the long wire limit with purely longitudinal coupling (up to exponentially small corrections in the wire length), and introduce a simple cure to bridge the energy gap between the logical qubit states and the resonator [10] : By parametrically modulating the longitudinal coupling strength at the resonator frequency the longitudinal interaction takes the form of a resonant drive of the resonator, with a qubitstate dependent phase, leading to a large response for the resonator. Note that in contrast to readout based on
Longitudinal readout concept: A quantum dot acts as a tunable tunnel barrier between the topological quantum wires. A qualitative energy diagram is sketched for large dot energy ε0. Prior to readout ε0 is lowered so that the dot and wires are strongly hybridized and the Majorana bound modes are partially localized on the dot. By modulating either the tunneling amplitudes, dot energy, or an external flux through the qubit loop the longitudinal coupling can be modulated with an amplitudegz, leading to a qubit state dependent displacement of the resonator with steady state magnitude ±gz/κ. transversal coupling, the standard approach for superconducting qubits [18] , a longitudinal interaction leads to a fully quantum non-demolition readout. The readout protocol is illustrated conceptually in Fig. 2 .
In semiconducting systems, the tunnel couplings t αj and/or dot energies ε j , can be controlled via gate voltages, giving us a mechanism for modulating the Majorana-resonator coupling, ω q → ω q (V g ), g z → g z (V g ). Effectively, this amounts to modulating the Majorana wavefunction overlap on the dot. Experimentally the simplest option might be to vary the dot energy while keeping the tunneling amplitudes fixed. This, however, has the disadvantage that the modulation amplitude is largest when the energy cost of moving an electron from the island to the dot is small [see Fig. 3 (a)]. It might therefore be more advantageous to modulate the tunnel couplings directly. Another attractive option is to modulate the external flux ϕ x (t) =φ x +φ x (t).
In Fig. 3 we show the parametric dependence of g z and ω q on δ, t = t L = t R and external flux ϕ x , for a single dot level j = 0 as before. Notably, the coupling g z can be a large fraction of the bare dot-resonator coupling strength λ 0 . The dot-resonator coupling strength itself can be boosted by using a high-impedance resonator to increase the vacuum fluctuations of the electric field. Dot-resonator coupling strenghts in the 100 MHz range have been reached [19] [20] [21] , suggesting that Majoranaresonator couplings of tens of MHz might be achievable. In Ref. [14] we moreover show that diagonalization of a microscopic nanowire model leads to a similar conclusion for the magnitude of the longitudinal coupling strength. Following Ref. [10] , we propose to modulate the effective coupling strength g z (t) =ḡ z +g z cos(ω r t) at the resonator frequency. In the interaction picture and dropping fast rotating terms we then haveH ideal = 1 2g zσz (â † −â). The dynamics under this Hamiltonian is exactly solvable: In the long-time limit the resonator is displaced to one of two coherent states | ± α depending on the qubit state, with α =g z /κ where κ is the resonator decay rate [10] .
As was demonstrated in Ref. [10] parametric modulation of longitudinal coupling can lead to extremely fast, QND readout. In Fig. 4 (a) we show the readout infidelity 1 − F as a function ofg z /κ for two different measurement times κτ = 1, 2, and in Fig. 4 (b) we show the measurement time and modulation amplitude needed to reach infidelities 1 − F = 10 −3 and 1 − F = 10 −6 . One of the remarkable properties of longitudinal qubit readout is the fast rate at which qubit information is attained [10] , as these results show. For example, for a readout rate of κ/(2π) = 1 MHz and a coupling modulation amplitude ofg z /(2π) = 5 MHz, an infidelity of 10 −6 can be reached in about 300 ns. These are encouraging results for the prospects of performing high fidelity logical operations with Majorana qubits.
A distinguishing feature of the natural longitudinal coupling to the electromagnetic field that arises for Majorana bound states, is that any coupling to the electromagnetic environment beyond the readout resonator is necessarily longitudinal to exponential accuracy as well [14] . The electromagnetic environment thus only causes dephasing noise in the measurement basis, which is inconsequential for the measurement fidelity, leading to the notion of a TQND measurement. Purcell decay is exponentially suppressed for the same reason.
Long-range interactions.-The same mechanism as used for readout, i.e., parametric modulation of the longitudinal qubit-resonator interaction, can also be used to enact long-range two-qubit gates. Consider a two-qubit setup, where for each qubit a pair of Majorana operators are coupled a quantum dot, as before. Each dot is in turn coupled capacitively to a common resonator mode. Based on the results leading up to Eq. (4) we expect this setup to be well described by a Hamiltonian
Here, qubit one is defined in terms of Majorana operatorsγ 1 , . . . ,γ 4 and qubit two in terms ofγ 5 , . . . ,γ 8 . Modulating the coupling parameters at the resonator frequency leads to a readout of the two observables iγ 1γ2 and iγ 5γ6 , as before. In contrast, by choosing a modulation frequency g i (t) =ḡ i +g i cos(ω m t) which is far off-resonant |ω r − ω m | κ, Eq. (5) leads to an effective qubit-qubit interaction. As shown in [22] , an exact unitary transformation maps the Hamiltonian Eq. (5) ontô H = Jγ 1γ2γ5γ6 + ω râ †â , where J g 1g2 /(ω m − ω r ). By modulating for a period of time t g = π/4|J| this gives a two-qubit entangling gate. In an encoding where iγ 1γ2 =σ z1 and iγ 5γ6 =σ z2 the gate is, up to single qubit unitaries, equivalent to a controlled-Z (or CPHASE) gate [22] . If the dots are tunable such that one can selectively couple to different pairs of Majorana operators on each island, similar to the proposals in [9] , it is furthermore possible to enact effectiveP i ⊗P j interactions whereP i ,P j are any ofσ x ,σ y ,σ z .
Conclusions.-We have introduced a readout protocol for Majorana qubits based on parametric modulation of a longitudinal Majorana-resonator interaction. Under modest assumptions about the magnitude of the coupling modulation, we have shown that very high-fidelity readout is possible in short measurement times. Moreover, the same mechanism can be used to generate longrange entanglement between Majorana qubits, thus making parametric modulation of longitudinal coupling an at- We start by considering two quantum wires, hosting a pair of bound Majorana modes per wire, on a single superconducting island with charing energy E C . Two possible setups are illustrated in Fig. 1, but we for now ignore the tunnel coupling to the dot (labelled "Sm" in the figure) . We return to the tunnel coupling in the next section. The superconducting island hosting the two quantum wires can be described by a Hamiltonian
where the first term is the charging energy of the superconducting island, withN equal to two times the number of Cooper pairs and
counts any unpaired electrons [2] , which in a low-energy approximation only includes near-zero energy Majorana fermions. Hereψ ασ (r) is an electron field for the quantum wire labeled α ∈ {L, R} (with spin σ =↑, ↓) satisfying {ψ ασ (r),ψ † βσ (r )} = δ αβ δ σσ δ(r − r ). Finally, n g is an offset charge which is in principle gate controllable, but also unavoidably undergoes random fluctuations in any realistic setting.
The last two terms in Eq. (1) are BCS Hamiltonians for each individual quantum wirê
Here, the first line describes single-electron physics and the second line are superconducting pairing terms with a superconducting gap ∆ and phaseφ, whose physical origin is proximity induced superconductivity due to contact with a nearby bulk superconductor. A physical realization of a quantum wire can be, e.g., a semiconducting nanowire with an epitaxially grown superconducting shell coating the wire. The superconducting phase and Cooper pair number are canonical conjugate variables satisfying [N , e iφ/2 ] = e iφ/2 . Crucially, we assume that both wires are in contact with a common conventional s-wave superconductor (illustrated with blue color in Fig. 1) shunting the two wires such that the entire system behaves as a single superconducting island with a uniform superconducting phase. This configuration, first proposed in [1] , has been dubbed a Majorana box qubit. The single-electron Hamiltonian h α (r) is of the generic form
where m is the effective electron mass, V (r) refers to the total potential experienced by the electrons due to the confining potential of the nano-circuit as well as any (classical) gate voltages [3] . The trailing ellipses in Eq. (4) refer to spin-orbit coupling, Zeeman fields and any other single-electron physics necessary for the existence bound near-zero energy Majorana modes in the wire [4, 5] . See Sec. II for an explicit example of a topological nanowire model. We here simply assume that each wire is in the topological regime with a pair of bound Majorana modes localized at the respective wire ends.
Coupling to the quantized electromagnetic field is introduced through an interaction Hamiltonian
whereĤ r is the electromagnetic Hamiltonian, which in a single-mode approximation becomesĤ r = ω râ †â , with ω r the resonator frequency andâ the annihilation operator for the resonator mode. The light-matter interaction describes capacitive coupling between the electrons on the island and the electric field of the resonator [3] 
where the coupling strength can be expressed as
with C c the coupling capacitance between the island and the resonator, C island = e 2 /(2E C ) the island's capacitance, Z r the resonator's characteristic impedance and R K = h/e 2 the quantum of resistance. Equation (6) can be read as a quantized contribution to the gate voltage biasing the island, where in a single mode approximation the resonator voltage iŝ
with u(r) a dimensionless resonator mode function describing the spatial dependence of the voltage biasing the island. Note that if the island is small compared to any spatial variation of the resonator mode function, we can take u(r) 1 and the Hamiltonian takes the simpler form H island,int = i λ C (N +n e )(â † −â). We are interested in the low-energy physics ofĤ island . It is convenient to perform a unitary transformation [2] 
such thatÛ †ψ ασ (r)Û = e −iφ/2ψ ασ (r),
This unitary removes the dependence onφ from H e,α =Û †Ĥ e,αÛ andn e from the charging energy term in Eq. (1). The transformedĤ e,α can then be diagonalized by an expansion of the electronic field in terms of Bogoliubov modeŝ
whereb αk are Bogoliubov operators with associated Bogoliubov mode functions {u ασk (r), v ασk (r)}. In the second line above we have written the lowest energy Bogoliubov mode in terms of Majorana operators,b α0 = 1 2 (γ α1 + iγ α2 ), and the ellipses refer to higher energy modes, k = 1, 2, . . . , which we drop in a low-energy approximation for each wire. Note that the Majorana mode functions {f ασ (r), g ασ (r)} are real. The resulting low-energy approximation toĤ island = U †Ĥ islandÛ iŝ
Here E α is the energy splitting of the Majorana fermion, proportional to the Majorana mode function overlap which we assume to be exponentially small in the wire length L α , that is E α ∝ e −Lα/ξα with ξ α a characteristic coherence length for the wire [6] . We assume that L α is large enough that we can set E α = 0 from here on. Similarly, the interaction HamiltonianĤ island,int = U †Ĥ island,intÛ is in new frame given bŷ
where we have defined
We see that in the usual lumped element approximation where we take u(r) = 1 across the entire island, the resonator voltage decouples from the unpaired electrons in this frame. However, it is worth noting that we can relax this assumption when the only relevant fermionic modes are the low-energy bound Majorana modes, since in the same low-energy approximation as before we havê
where
× f ασ (r)g ασ (r).
. (18) Crucially, λ α vanishes in the topological regime where the Majorana mode function overlap is exponentially small. In the long wire limit we therefore take λ α → 0. Moreover, this is holds independently of the detailed form of u(r), and we therefore expect the electromagnetic field to decouple from the Majorana modes even in a more general situation where the resonator mode function varies significantly over the qubit island. The term proportional to A gives a small displacement of the resonator ∼ A/ω r which can be absorbed into a re-definition ofâ. We simply ignore this term in the following. The disappearance ofn e from the charging energy and the capacitive coupling to the resonator means that in the frame defined by Eq. (9) ,N effectively counts the total charge on the island. This will become more clear in the next section when we introduce tunneling of electrons on and off the island.
B. Wire-dot-wire setup
To be able to couple to products of Majorana operators such as iγ L2 γ R1 , where the two corresponding Majorana mode functions are localized on different wires, we introduce a quantum dot as a mediator. An effective topological superconductor-semiconductor-superconductor (TS-Sm-TS) junction is formed by tunnel-coupling two wires to a common (in general multi-electron) quantum dot, as illustrated in Fig. 1 . The dot segment is described by a set of electronic orbitalŝ
where {d i ,d † j } = δ ij , and coupling between the wires and the dot by a phenomenological tunneling Hamiltonian
The dot also couples capacitively to the resonator field, described by a Hamiltonian
with λ j a coupling strength for dot orbital j. Upon performing the unitary transformation Eq. (9) and the low-energy approximation as before, one can write a total Hamiltonian for the system in the transformed framê
where the low-energy approximation to the tunneling Hamiltonian iŝ
with
We have here assumed that the overlap between the tunnel couplings t αj (r) and the Majorana mode functions at the far ends of the wires, i.e., f Lσ (r) and g Rσ (r), is negligible.
The form ofĤ T clarifies the role ofN in the frame defined by Eq. (9). The operator e iφ/2 increasesN by one, i.e, e iφ/2 |N = |N + 1 for |N an eigenstate of N with eigenvalue N . By introducing Majorana fermion operators for each wiref
we see that the action of an operator like e iφ/2γ L2dj is to remove one electron from the dot, increaseN by one, and flip the state of the Majorana on the left wire. Thus, in this frame,N counts the total charge on the island and the Majorana fermion operators are effectively chargeless.
C. Diagonalizing the wire-dot-wire Hamiltonian
In the proposed readout protocol, the coupling to the dot is gradually turned on such that the initial near-zero energy logical qubit eigenstates evolve into hybridized states partially localized on the dot. The logical states then become split in energy and couple to the resonator field. The key physics can be exposed by diagonalizing the Hamiltonian for the wire-dot-wire system, excluding the coupling to the resonator, i.e.,
We only consider a single dot orbital j = 0 in this section, for simplicity. It is convenient to first combineγ L2 andγ R1 in a single fermionf = 1 2 (γ L2 + iγ R1 ) such that the tunneling Hamiltonian can be written
where we have defined t ± = t L e iϕx/2 ± t R . We here take t L and t R to be real and positive without loss of generality. Flux quantization around the loop formed by the superconducting island and the dot (see Fig. 1 ) is accounted for by including the external flux contribution ϕ x = Φ x /Φ 0 , with Φ 0 = h/2e the flux quantum, in the tunneling amplitudes t ± .
To diagonalize Eq. (28), we first note that the Hamiltonian only induces transitions within a two-level subspace {|0 n ≡ |N = n, n d = 0 , |1 n ≡ |N = n − 1, n d = 1 } of the charge-dot subsystem, where n d denotes the occupancy of the dot. We can thus treat each subspace labeled by n independently. First define a new lowering operatorĉ
such that in the {|0 n , |1 n } subspace the Hamiltonian becomeŝ
where δ(n) = ε 0 − 2E C (n − n g ) + E C . This quadratic Hamiltonian can be diagonalized exactly by a unitary transformationÛ n = e −Ŝn witĥ
With the choice tan(2|α
we findĤ
For notational convenience we have defined f ± (n) = δ(n) 2 + t 2 L + t 2 R ± 2t L t R cos ϕx 2 . To consider the coupling to the resonator we need to also transform the interaction Hamiltonian. The total interaction Hamiltonian in the nth subspace iŝ
which transforms tô
The advantage of this change of frame is that all terms that are off-diagonal in the electron operators are now of order |w ± (n)|. We can treat w ± (n) as small parameters, assuming that the relevant electronic transition are all far detuned from the resonator energy, and treat the second line ofĤ int,n systematically in a Schrieffer-Wolff expansion [7] . We here, however, simply drop these terms on the basis that they are "fast rotating" in the interaction picture, which is equivalent to truncating the Schrieffer-Wolff expansion at first order. Some care has to be taken in practice, however, since we intend to modulate some of the parameters. In particular, we wish to modulate g f (n) ∼ cos(ω r t), but this will also modulate w ± (n), and one has to take care not to accidentally bring any unwanted transitions into resonance. Second order corrections that we neglect are roughly speaking of order
with ω m a modulation frequency for w ± (n).
Resuming, the HamiltoniansĤ wdw = nĤ wdw,nP n andĤ int = nĤ int,nP n , whereP n is a projector onto the {|0 n , |1 n } subspace, can be written
where the various functions ofN are diagonal operators in the charge basis defined through f (N +a) = n f (n+ a)|n n|. We emphasize that the diagonalization ofĤ wdw is exact, and the only approximation is made inĤ int . SinceĤ tot =Ĥ wdw +Ĥ int +Ĥ r conserves the charge number and dot occupation at this level of approximation, we can assume that the charge and dot degrees of freedom remain in a definite state, and replaceN → N , d † d → n d . This amounts to an "adiabatic elimination" of the dot and charge degrees of freedom. In particular, for n g 1 and large E C , ε 0 , we can assume the charge-dot subsystem to be in the state |N = 0, n d = 0 and drop terms proportional toN andd † d inĤ . The Hamiltonian in Eq. (4) of the main letter is then finally found by definingσ z = 2f †f − 1
with ω q = ε f (0), g z = g f (0)/2, and we have dropped a constant term. It is also insightful to consider approximation expressions for the parameters in Eq. (45) in the limit t L , t R δ(n). The expressions greatly simplify in this limit, which can be useful to gain physical insight, but we emphasize that this is not the main regime of interest for the readout protocol, where we rather want a strong hybridization of the dot orbitals and Majorana modes. The relevant parameters are in the small tunneling regime approximated by
D. Noise during measurement
Noise in system parameters such as n g , t αj , ε j or ϕ x , leads to fluctuations in ω q and g z , but preserves the general form of Eq. (45). Understanding noise due to coupling to the surrounding electromagnetic environment is also straight forward in the sense that there is nothing special about the resonator mode that was singled out in the above treatment. In other words, other modes of the electromagnetic field couples in exactly the same way, such that in the same low-energy approximation as before, we expect the coupling to the environment to be of the formĤ
whereB(t) could include both classical stochastic processes, describing noise in system parameters, and quantum noise through a bath operator of the generic form [8] 
where λ ω are coupling constants and [b ω ,b † ω ] = δ(ω−ω ). Based on the diagonal form of any noise process in the logical basis, we expect that although the measurement process necessarily opens the system to new noise channels, the environment can only cause dephasing in the measurement basis, which is inconsequential for the measurement fidelity. This holds to exponential accuracy in the length of the quantum wires, following the same line or arguments that leads to the conclusion of a topologically protected degeneracy. We refer to this strong form of quantum non-demolition coupling as topological quantum non-demolition (TQND) coupling.
II. NUMERICAL DIAGONALIZATION OF A MICROSCOPIC MODEL
The above treatment of light-matter interaction in a topological superconductor-semiconductorsuperconductor setup used only very general arguments, without specifying any details of the underlying physics giving rise to Majorana bound modes in the first place. To gain further insight, we here consider a specific example of a simple one-dimensional model of a semiconducting nanowire with proximity induced superconductivity, spin orbit coupling, and a magnetic field [4, 5] .
The nanowire model we consider is given by the following Hamiltonian
whereψ(x) = [ψ ↑ (x),ψ ↓ (x)] T , ∆(x) is the induced superconducting pairing potential, and
The σ-matrices here act on the spin degree of freedom, m is the effective electron mass, α R the spin-orbit coupling, B the magnetic field, and µ(x) = µ 0 (x) + e i V gi (x) is here to be understood as the chemical potential, including all the various gate voltages along the wire except the resonator. The resonator appears as a quantized contribution to the voltage bias at position x
withV r (x) = iω r Z r /2u(x)(â † −â). To model a TS-Sm-TS setup as above, we take the following spatial dependence for the chemical and pairing potentials
where ∆ > 0 is real and ϕ x is the superconducting phase difference across the TS-Sm-TS junction. We could at this stage diagonalize the middle segment independently, leading to a Hamiltonian of the form Eq. (19) for this segment and a tunneling Hamiltonian of the form Eq. (29) . However, since Eq. (50) is quadratic, it is much more convenient in the present context to diagonalize the full Hamiltonian directly. The approach we take here is thus rather different than what we did in the previous section, but of course leads to the same conclusions.
We diagonalize Eq. (50) numerically by approximating the integral over x as a Riemann sum and using
where a is the spatial unit cell. One readily findŝ
with t = 2 /(2ma 2 ) and α = α R /(2a). The Hamiltonian can now be diagonalized by first writing it in matrix form,
. . ] T and H M is a 4N × 4N Hermitian matrix of the block form
where A † = A and B T = −B are 2N × 2N matrices [9] .
The matrix H M can be diagonalized with a unitary transformation, H M = U DU † with U † U = I and D = diag[E 0 , . . . , E 4N ]. We can consequently writê H = 1 2 b † D b, where b = U † c. We have here used the standard approach of formally doubling the degrees of freedom, and the eigenvalues consequently come in pairs E k = −E 2N +k [9] , such that we can write after normal orderingĤ
dropping a constant term. We order the eigenvalues such that 0 ≤ E 0 ≤ E 1 ≤ E 2 ≤ · · · ≤ E 2N −1 .
In the top panel of Fig. 2 we show the first six eigenvalues E k of H M with smallest manitude, for a set of parameters in the topological regime. Note that we plot both positive and negative eigenvalues of the matrix H M , while only positive values enter the physical spectrum, Eq. (62). We also plot the spatial Majorana mode functions, which are found through the inverse Bogoliubov transformation c = U b. The lth column of U is the eigenvector of H M with eigenvalues E l , and keeping only the eigenvectors corresponding to the two lowest eigenvalues we can writê
where the dots refer to higher energy Bogoliubov modes that we drop, and in the second line we have expressed b 0 = e iθ0 1 2 (γ 1 + iγ 4 ),b 1 = e iθ1 1 2 (γ 3 + iγ 2 ), and defined corresponding Majorana mode functions f ik with i = 1, 2, 3, 4 (the angles θ 1,2 are arbitrary in a numerical diagonalization). Here the index k labeling the fermionic operatorsĉ k runs over both spatial position label n and spin σ =↑, ↓, such that f ik = f iσ (x n ). The index i is chosen such that f ik is localized to the left of f jk of i < j. In the lower panel of Fig. 2 , we show the spatial dependence of the wave functions f ik for an example parameter set.
The interaction with the resonator becomes after discretizing spacê
Keeping only the two lowest energy Bogoliubov modes we havê
where we define an innerproduct f * i · f j = 2N k=0 f * ik f jk , and neglect the overlap of mode functions f 1k , f 4k at the far ends of the nanowire with any other mode functions, as well as the spatial variation of the resonator mode u(x) across any Majorana mode function overlap.
In Fig. 3 we show the splitting of the two lowest lying energy eigenstates and the Majorana mode function overlap Re [f * 2 · f 3 ] as a function of the potential barrier in the middle segment, µ 1 , for the same parameters as in Fig. 2 . On the right hand side of the lower panel we also show the corresponding coupling strength g z for a Z r = 50 Ω resonator with ω r /(2π) = 7.5 GHz and for a maximum of the resonator voltage u(x 0 ) = 1. 
